Due to operational wear and uneven carbon absorption in compressor and turbine wheels, the unbalance (me) vibration is induced and could lead to sub-synchronous vibration accidents for high-speed turbocharger (TC). There are very few research works that focus on the magnitude effects on such induced unbalance vibration. In this paper, a finite element model (FEM) is developed to characterize a realistic automotive TC rotor with floating ring bearings (FRBs). The nonlinear dynamic responses of the TC rotor system with different levels of induced unbalance magnitude in compressor and turbine wheels are calculated. From the results of waterfall and response spectral intensity plots, the bifurcation and instability phenomena depend on unbalance magnitude during the startup of TC. The sub-synchronous component 0.12× caused rotor unstable is the dominant frequency for small induced unbalance. The nonlinear effects of induced unbalance in the turbine wheel is obvious stronger than the compressor wheel. As the unbalance magnitude increases from 0.05 g·mm to 0.2 g·mm, the vibration component changes from mainly 0.12× to synchronous vibration 1×. When unbalance increases continuously, the rotor vibration response amplitude is rapidly growing and the 1× caused by the large unbalance excitation becomes the dominant frequency. A suitable un-balance magnitude of turbine wheel and compressor wheel for the high-speed TC rotor with FRBs is proposed: the value of induced un-balance magnitude should be kept around 0.2 g·mm. 
Introduction
High-speed turbochargers (TCs) have gained significant attention in recent years. They already have been widely used in commercial vehicles. The weight of a typical automotive TC is about 1 kg. It has 200 mm in length and 5-15 mm in diameter and operates above 100000 r/min, which fails in the high-speed and lightweight rotor category. A small TC rotor with small unbalance can produce large vibration when it spins at high speed [1] . It is well known that the first exhaust TC was invented at the beginning of last century. There are many efforts to investigate the rotordynamics of TC rotor-bearing system [2, 3] . The floating ring bearing (FRB) configuration is the simplest bearing design and the most widely used in small TCs. In such FRB design, two fluid films are connected in series in a floating ring, which are capable of providing higher damping and fewer friction losses than a single-film plain journal bearing [4] . However, due to its high speed and high nonlinear feature, the FRB system exhibits high magnitude sub-synchronous vibration for a wide speed range [5] . The bearing fluid-film whirl instability is the main source of the sub-synchronous vibration. The nonlinear reaction forces inside the bearings are usually causing the TC rotor to whirl in a limit cycle but may become large enough to cause permanent damages. Based on classical linear eigenvalue analysis presented by Kirk et al. [6] , both inner and outer films always lead to the instability for high-speed TCs. Li et al. [7] developed a stability analysis and an identification method for rotorbearings system. Surprisingly, because of high nonlinear characteristics of the inner and outer oil films, it was observed that the loss of instability can induce the onset of stable limit cycles under sub-synchronous frequency via a Hopf bifurcation [8] , which can always ensure the safe operation of a TC [9] . Interestingly, according to the published simulation and experimental results [10, 11] , it has been shown that the proved the final occurrence of the above-mentioned possibilities is sensitive to the rotor-FRB system physical parameters of TC, such as bearing structural parameters, oil feeding conditions and imposed unbalance values. The deep sensitivity clearly implies the possibility to optimize the TC rotor dynamic response and reduce the vibration by adjusting the physical structural parameters of a TC.
Rotor unbalance is a classic structural parameter which can induce the vibration for the high-speed TC rotor systems. Zhai et al. [12] analyzed the shaft dynamic response due to the unbalanced mass using the finite element analysis. Gunter et al. [13] studied the effects of rotor unbalance in the compressor and turbine wheels. These effects can strongly influence the limit cycle orbits. Alsaeed [14] , presented a method to suppress the sub-synchronous vibrations by inducing the TC rotor unbalance. Sterling et al. [15] developed a theory to study the effect of induced unbalance on sub-synchronous vibration of an automotive TC. It was shown that an increasing unbalance can cause a reduction in the sub-synchronous vibration. Kirk et al. [16] also investigated the influence of TC unbalance on subsynchronous vibration amplitude. Tian et al. [17] developed the influence of unbalance on the rotordynamic characteristics of a real TC-FRB system over the speed range from 0 Hz to 3500 Hz, and confirmed the unbalance magnitude is a critical parameter for the system response. Yao et al. [18] developed a method to suppress the multi-frequency rotor vibration using electromagnetic force. Other methods are also developed for rotor machine [19, 20] . In a word, many researchers devoted to investigate the influence of the unbalance level on TC dynamics at a fixed unbalance location. Appropriate unbalance can suppress the sub-synchronous vibration and improve the response behavior of TC as many researchers mentioned, which is determined by the special structure, high speed operation conditions, and nonlinear FRB. However, the nonlinear analysis is also rare at high speed for the small-sized and light-weight TC rotor with FRB. The influence of unbalance magnitude on the rotordynamic characteristics has not performed adequately.
Interestingly, the turbine impeller may exist some uncertain coke deposition in the extreme running condition with high temperature and variational operation speed mode. Thus, the induced unbalance in the turbine and compressor impellers can be formed after running a certain period for the high-speed TC. Furthermore, the unbalance can be grown with the running time, which directly influences the high-efficiency operation of highspeed TC and even causes serious nonlinear vibration accident. Therefore, it is necessary to investigate the effects of induced unbalance magnitude on the dynamic characteristics and reduce the vibration to an acceptable level by controlling the unbalance magnitude for the high-speed TC with FRB.
Major steps are outlined below. First, a FEM is required to characterize the TC rotor dynamics. The logarithmic decrements and modes are used to determine the TC rotor system stability. Second, based on the frequency domain of time transient analysis from the FEM, the nonlinear dynamic responses of the TC rotor system with different levels of induced unbalance magnitude in compressor and turbine wheels are calculated. Finally, the waterfall and response spectral intensity plots are compared to propose a suitable unbalance magnitude of turbine wheel and compressor wheel for the high-speed TC rotor with FRBs. In summary, the unbalance magnitude is an effective way to achieve the small vibration and stable operation for the high-speed TC rotor with FRBs.
The article proceeds as follows. First, the TC rotor and bearing model is described. Then, a realistic automotive TC rotor with FRB is taken as an example and its dynamic finite element model is presented to characterize the dynamic of rotor. Moreover, the rotor stability analysis is discussed. This is followed by simulation and discussion. Conclusions are given in the last section.
TC Rotor and Bearing Model Description
The TC rotor usually consists of a radial outflow compressor wheel and a radial inflow turbine wheel on a single shaft. Bearings are mounted inboard, with the compressor and turbine overhung, as shown in Figure 1 . FRB consists of two hydrodynamic fluid film bearings in series with the ring as an additional degrees-of-freedom (DOF). The inner film has two rotating surfaces, i.e., journal and ring with rotational speeds of Ω j and Ω r , and the outer film has only one rotating surface, i.e., ring with rotational speed of Ω r . This arrangement can only be used for high speed and light weight applications, such as in the automotive industry.
FRB Model
Unlike conventional plain journal bearing, the floating ring rotates with the sum of speed of inner and outer hydrodynamic oil films, which is a key parameter to the analysis of TC rotor's dynamic characteristics. However, the rotational speed of floating ring is very difficult to monitor in the actual working condition. For the purpose of simplicity, the bearing feeding holes are not included and the oil feeding conditions are not considered in the FRB model. In addition, the isothermal fluid flow condition is assumed for the proposed model. The Reynolds equations for the inner and outer oil films can be written as follows:
where subscripts i and o identify the parameters of the inner oil film and outer oil film, respectively. Subscripts j and r distinguish the parameters between journal and floating rings. p is the oil film pressure, and μ denotes the lubricating oil film viscosity. R j and R o correspond to the radius of journal and outer floating ring, respectively. θ is the angular coordinate for the inner and outer oil films. Z i and Z o denote the axial coordinates of the inner and outer films, respectively. h i and h o represent the oil film thicknesses of inner and outer, respectively. Ω j and Ω r are the angular velocity of journal and floating ring, respectively.
The equilibrium positions are determined by an iterative procedure, the linearized bearing coefficients of inner film and outer film can be obtained from Eqs. (1) and (2) . Actually, the FRB is usually used for
very high-speed applications and the floating ring is designed to have high ring speed to ensure the proper hydrodynamic lubrication. At very high speed, the eccentricity ratios are very small and the journal, ring, and bearing are nearly concentric. When the eccentricity ratios are zero, the journal torque T j and ring torque T r balance becomes Thus, the ring speed Ω r can be determined from the above Eq. (3). Once the ring speed Ω r is known, the two Reynolds equations for the inner and outer films can be solved separately and the bearing coefficients can be determined just like the conventional plain cylindrical bearing for linear analysis. The maximum possible ring speed Ω r can be conveniently estimated using the torque balance with concentric journal, ring, and bearing [21] :
where µ is the oil dynamic viscosity, L is the axial length of the bearing, and C is the bearing radial clearance. Subscripts i and o are for the inner and outer film properties. Since the inner film has much higher surface velocity and smaller clearance, the lubricant operating temperature is higher than that of the outer film. Typical ratio of µ o /µ i ranges from 1.2 to 2.0. The clearance ratio C o /C i is about 1.5 to 4.0. For FRB, the clearance ratio is probably the most important parameter, the optimal value depends on the operating conditions and ratios of R o /R i and L o /L i . Smaller clearance ratio will decrease the ring speed which is not desirable from the lubrication point of view, although it may increase the rotor stability. Large clearance ratio increases the ring speed, however, it is not desirable from rotor vibration and stability point of view. However, the nonlinear fluid film forces for the inner and outer films are dependent on the motions of the journal and ring.
TC Rotor with Induced Unbalance
Considering a high-speed TC rotor, since the partial differential equations given by modeling of the rotor shaft in a continuous system are difficult to be tackled, discretizing the continuum to a discretized system by the FE method. The motion governing equation for the investigated TC rotor-FRB system is derived as follows:
where M represents the mass matrix contained the mass and inertia moments of the rotor with n DOFs. C SG is the (3) damping coefficients and gyroscopic matrix. K is the system stiffness coefficients matrix included diagonal and cross coupled stiffness. x is the response vector included two translational and two rotational displacements at each station in the horizontal direction X and the vertical direction Y. F(t) consists of unbalance force F ub (Ω, t), static gravity force F s in Y direction and nonlinear bearing force F i (x,ẋ, t ). Thus, the F(t) can be rewritten as Considering the practical structure and the locations probability of unbalance on gasoline engine TC, the F ub (Ω, t) usually can be decomposed F c ub and F t ub , which exists at the end of compressor and turbine impellers, as shown in Eqs. (7) and (8) . m c and m t denote the mass of the compressor and turbine impellers, respectively. e is the unbalance displacement. φ is the rotor rotating angle around the Z axis, and therefore, φ and φ represent the angular speed and acceleration, respectively.
The residual mass unbalance of a rotating assembly is usually determined by using the multi-plane balancing machines. However, with the development of dynamic balancing technology, the balancing precision is very high, it is urgent to know how to control the unbalance magnitude for small vibration and stable operation in the design process. It is inevitably that the unbalance existed in the rotation, especially for the high-speed rotating machine. These mass unbalance locates at different locations of two impellers with variable magnitude of me. As expressed in unbalance force Eqs. (7), (8) and the governing Eq. (6), it is obvious seen that the unbalance F ub directly affects the motion of TC rotor and bearing system. The rotor motion may change with the variable magnitude of unbalance in turbine or compressor wheel. Thus, it is necessary to investigate the relationship between unbalance magnitude and dynamic characteristics for the small-sized and high-speed TC rotor with FRB.
Dynamic Modeling for TC Rotor with FRB

Dynamic Model of FRB
The FRB is the simplest bearing and the most widely used in small TC rotor. It is basically a floating ring inserted (6) in the clearance space between the rotating journal and stationary bearing housing. Although the behavior of the FRB is highly nonlinear, it is desirable to determine the linearized bearing coefficients in order to perform eigenvalue analysis of TC rotor. The FRB can be linearized about the static equilibrium position, and Reynolds equations are numerically solved for linear stiffness and damping coefficients. The FRB is usually considered as two bearings in series, and two equations for each bearing are solved. The parameters and lubricating parameters of FRB are shown in Table 1 . And the dynamic model of FRB is built as shown in Figure 2 (a). The two rings of FRB were modeled as rigid body, the inner and outer oil film viscosities were assumed to be constant values with the typical 15W-40 supply lubricant, and the ring speed ratio was taken to be 0.24 according to Eq. (4).
The result of oil film pressure profile for the turbine end bearing at speed of 160000 r/min is presented in Figure 2 (b). The inner and outer surfaces of the bearing develop a very different pressure profile. The stiffness and damping coefficients for the turbine end bearings at 160000 r/min are shown in Table 2 and Table 3 , respectively. It is seen that the inner oil film stiffness is an order of magnitude higher than the stiffness coefficients generated by the outer film. Note also that the inner ring bearing cross coupling stiffness coefficients are an order of magnitude greater than the direct bearing stiffness coefficients. Obviously, the high cross coupling stiffness coefficients are the main cause of self-excited whirl motion.
Note that the FRB used for time transient numerical analysis is nonlinear, and the rotor system is also highly nonlinear. Thus, it is a very straightforward procedure for the nonlinear time transient analysis by coupling the rotor governing Eq. (5) with bearing Reynolds Eqs. (1) and (2).
FE Modeling for TC Rotor with FRB
The TC is a typical double overhung rotor with a steel turbine and an attached aluminum compressor impeller. That is, the turbine and compressor impellers are outboard of two bearings. The rotor shaft, FRB, shaft seal, thrust collar, shaft nut and other parts are included in the TC. All rotor components should be taken into account in the rotordynamic computation to investigate the rotor vibration response, such as the stability analysis and the frequency components in the waterfall plot. The compressor and turbine impellers are generally regarded as rigid disk to model. Due to its complex structure, the mass of rotating components, moment of inertia, and the center of gravity position can be obtained by using CAE 3-dimensional software to model and calculate, and then add to the rotor-shaft regarded as a rigid disk.
With the requirements of dynamic characteristic research and Saint-Venant principle, the FEM of rotor made reasonable simplification and assumptions, for example the turbine end component of irregular surface was defined as a cylindrical surface [22] . The FEM of a high-speed TC rotor was built according to the structural parameters and lubricating conditions, as shown in Figure 3 . The TC rotor is modeled with 20 shaft finite elements which includes 42 sub-elements. Stns 9 and 12 represent the binding sites of the rotor and FRBs, respectively. Stns 21 and 22 represent the floating rings as the lumped mass 2.16 g of single degree of freedom. Stns 5 and 17 represent the center of gravity of the compressor and turbine impellers, respectively. The turbine and compressor impellers are simplified to the tapered structure element without mass, which the mass and inertia moments are applied to the stns 5 and 17. The arrow at stn 4 represents the unbalance applied to the nose wall of compressor impeller. The circular dot near stn 9 represents the gravity center (C.G.) of the entire system which is closer to the turbine end bearing. Thus, the load of turbine end bearing is larger than the compressor end bearing.
The bearing modeling methods are different for the analysis of the various applications. For linear analysis, the bearing stiffness and damping coefficients are linearized and import by selecting the appropriate boundary conditions as mentioned before and the two rings of FRBs can be modeled as rigid body. However, for time transient numerical analysis, the vibration response can be got to solve directly the motion governing equation of TC rotor combined with the Reynolds equation including the bearing parameters and lubricating conditions.
Stability Analysis for TC Rotor with FRB
To obtain further insight into the dynamics of TC, it is useful to know the approximate normal modes and stability of the rotor system. Since the TC rotor is highly nonlinear due to the FRBs, in the strict sense it is hard to estimate the speed region of stability. To get approximate information on the vibration modes, the TC rotor with nonlinear FRBs should be linearized about an equilibrium position. The new coefficients (inner and outer fluid-film dynamic coefficients for each bearing) were employed in the rotor model of Figure 3 to get the eigenvalues and their eigenvectors, and hence the stability characteristics of the system. The stability behavior of the rotor was discussed by run-up simulation, where the rotor speed linearly increased from 10000 r/min up to 220000 r/min with increment 6000 r/min. The QR algorithm was utilized in the calculation of eigenvalues and eigenvectors, which had been well proven to be reliable and numerically stable. The imaginary parts of the eigenvalues were the system damped natural frequencies and they could be used to determine the damped critical speeds. The real parts of the eigenvalues were the system damping coefficients which could be used to determine the system stability. The logarithmic decrements were used to determine the system stability. A negative logarithmic decrement indicated that system was instability. The stability map of the TC rotor with linearized FRBs is shown in Figure 4 . It also shows the first six logarithmic decrements of eigenvalues of the rotor system as a function of the rotational speed.
It can be seen from Figure 4 that there is only one mode of instability nearly at low speeds and two modes of instability at higher speeds. The threshold of instability is about 30000 r/min. In fact, the threshold of instability is only defined in connection with a linearization of the perfectly balanced rotor around a stable equilibrium position and corresponding eigenvalue analysis. For the stability analysis with nonlinear bifurcation analyses of high-speed TC rotor with FRB, bifurcation from a stable equilibrium position (more generally unbalance vibrations around a stable equilibrium position) to the fully developed oil whirl/whip region with bearing eccentricities close to 1 may be rather sophisticated and depends on various system parameters, initial conditions, etc. Figure 5 shows the instability modes with corresponding damped natural frequency ω d as the rotational speed N s . The damped natural frequency ω d and corresponding mode shapes strongly depend on the rotor speed N s . When the N s is 22000 r/min, the ω d is 13400 r/min and the forward rigid body conical mode with small elastic shaft bending is unstable. At speed N s 160000 r/min, the forward conical mode (ω d is 42800 r/min) is also unstable in addition to the approximately rigid body translational mode (ω d is 61500 r/min). The second mode of instability with elastic shaft bending is obviously larger compared with conical mode.
Simulations and Discussions
The run-up simulation results concerning the effect of induced unbalance for an automotive high-speed TC rotor with FRBs are shown. Variations of the unbalance magnitude as well as distribution are considered in the performed simulations. The magnitude of the imposed unbalance me from 0.05 g·mm to 0.4 g·mm with an increasing ratio 2 (see Table 4 ) for both disks, and the value of unbalance magnitude was decided by the statistical data from the results of high-speed dynamic balancing. The frequency domain of time transient analysis was taken at speeds range from 10000 r/min to 220000 r/min based on the FEM with difference induced unbalance magnitudes on the nose wall of turbine and compressor wheels (stns 4 and 18) to investigate the dynamic behavior of TC rotor system. The Newmark-beta method was chosen as integration method for the time transient analysis, which was well-known constant-average-acceleration method. Note that level 1 to 4 represent the induced unbalance magnitude on the stns 4 and 18 of the FEM from Figure 3 , respectively.
Induced Unbalance on Turbine Wheel
The run-up simulation results for the horizontal displacement at stn 20 for four different levels of induced unbalance magnitude on the stn 4 are depicted in Figure 6 . And the response spectra intensity plots also are presented in Figure 7 , in which the following colour pattern corresponds to the ascending order of the response magnitude: yellow, light blue, dark blue, and red. The results of simulation are summarised as follows.
(1) When unbalance is small with 0.05 g·mm, there are four sub-synchronous frequency components: 0.5×, 0.12×, 0.3×, and 0.37× from Figure 6 (a) and Figure 7 (a). Note that the whirl speed with sub 0.5× which mainly caused by inner oil film approximately equals to the half of rotor speed, and the predominated 0.12× response which mainly caused by outer oil film equals to the half of the ring speed. However, the whirl speed with sub 0.3× which mainly caused by inner and outer oil film approximately equals to the half of the whirl speed 0.5× and 0.12×, and sub 0.37× which mainly caused by inner and outer oil film approximately equals to the half of the whirl speed 0.5× and 0.24×. mode, due to the instability of outer films at both FRBs. (3) When unbalance magnitude is not big, the TC rotor with FRBs system becomes unstable at the start of simulation, which is confirmed in Figure 6 (a) and (b). This instability is originated from the instability of inner films with sub 0.5×, and Figure 5 (a) shows that a conical mode is excited. With increasing rotor speed, this instability can be pass through, and the system becomes unstable again which the dominant frequency component jumps from the sub 0.5× to 0.12×. The presence of instability sub 0.5× is bifurcated as two new instability sub 0.3× and 0.37× which their influence is less than sub 0.12×. Obviously, the rotor undergoes purely unbalance induced vibrations for the enough unbalance magnitude. Moreover, the total vibration value of TC rotor decreases with increasing of induced unbalance magnitude, and the subsynchronous frequency components can be suppressed.
Induced Unbalance on Compressor Wheel
Figures 8 and 9 show the results of the run-ups when the variable values of the induced unbalance magnitude are imposed on compressor wheel. In comparison with the induced unbalance magnitude on turbine wheel case described in Section 4.1, the conclusions of the obtained results are generally drawn as follows.
(1) Compared with the unbalance magnitude on turbine wheel, the synchronous 1× exists even in the condition with small unbalance (0.05 g·mm 
Conclusions
(1) The waterfall and response spectral intensity plots are obvious different for the four different unbalance magnitudes. The onset speed of sub-synchronous frequency is not identical and the total vibration amplitude is different with the variable unbalance. Moreover, the sub 0.12× is the dominant frequency for the small induced unbalance magnitude. Large magnitude of low-frequency whirl due to the sub-synchronous frequency may lead to the instability of the high-speed TC rotor. The induced unbalance magnitude should be controlled in the running process for the high speed TC rotor with FRBs. (2) The bifurcation and instability phenomena occur during the startup strongly depends on the induced unbalance magnitude. For the small unbalance magnitude, the rotor motion is predominated by the sub-synchronous components and the synchronous vibration is small. The bifurcation phenomena are nearly consistent for the induced unbalance on turbine wheel and compressor wheel, but the sub-synchronous responses caused by unbalance inducing the turbine wheel is stronger than the compressor wheel for the same level of unbalance magnitude. The main difference for the biggest unbalance magnitude (0.4 g·mm) is that all sub-synchronous frequencies disappear and just only exist synchronous response 1×, which the high-speed TC rotor with FRBs performs the pure unbalance oscillations around the equilibrium position. (3) The sub-synchronous frequencies can make the rotor unstable and cause large vibration for the TC rotor with small unbalance magnitude. The main reason for the excessive vibration is caused by the oil film asynchronous vibration. The oil whirl/whip can be suppressed for the high speed range of TC. Meantime, the sub-synchronous frequencies vibration can be suppressed by a suitable unbalance magnitude. However, as unbalance increases from 0.2 g·mm to 0.4 g·mm, the rotor response amplitude increases too and becomes mainly the 1× caused by the large unbalance excitation. Therefore, Figure 9 Response spectral intensity plots of stn 20 for four difference unbalance amplitudes in CW nose of rotor a suitable unbalance magnitude of turbine wheel and compressor wheel is proposed. To control the induced unbalance magnitude is an effective way to achieve the small vibration and stable operation for the high-speed TC rotor with FRBs.
